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Solutions 2

1. This satisfies the intersection condition (automatically) and the connectiv-
ity condition (a path through all the vertices is given by going along edges vy
to vz to vy to vs to vs to vg). The link condition fails for all of the vertices.
For example the link of v; is given by the six edges (ve,v4), (va,vs5), (vs,v4),
(vs,v6), (v4,v5) and (v4,ve) which form two triangles meeting at vy which is

not a simple closed polygon.
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2. Suppose that (v, v’} is an edge in a simplicial surface. Note that if this edge
lies in a triangle (v, v’, w) then (v, w) is in the link of v. The link of v is a simple
closed polygon consisting of edges (v1,v2), (v2,v3), ... (Un—1,Vn), (Un,v1). The
vertex v’ must be one of the vertices v;, 1 < @ < n, say vg. Then the edge (v,v’)
lies just in the triangles (v, w,vk—1) and (v, w,vky1) (indexing the vertices of
the link modulo n).

3. The intersection condition is satisfied automatically for all of these sets of
triangles by the position of the vertices.

(a) The connectivity condition is satisfied since a path through all the vertices
is given by the following.

Us U1 V2 Vg U3 Ve U7 U8 Vg

We can check the link condition for each of the vertices.

Vo—Uy V1—U4— Vg,
link(vq) = J J link(vs) = / \>
5—U3 Vs Vg & U3
V1 ——U4—V7 V1—V2—Vg
link(vz) = / \ link(vy) = /
Vs (%3 (%) (U5 V3 (% Vs Ug
V1—V2— 9 Vo—U3—V7
link(vs) = / \ link(vg) = J J
v3 vs V4 U7 4—Vo—U8
U3 V4 Vs Vo—U3— U5
link(v7) = \U / link(vg) = J ’LJ
6——U§ 99— Vg—Ur
V2 Vs Vg

link(vg) = \08706/



Hence K is a simplicial surface. We can now represent |K| as a polygon with
edges identified in pairs as follows (there are lots of possibilities here).
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Reducing the symbol for this polygon to standard form gives the following.

(aa™Ybede(fgg™ = he 0 (@i jh e d !
~  bedehe b~ jp e d T (by 2.21(v))
~ (bbf)c'deh(c'jl)( Nt 1d L=t (by 2.22(ii))
~  é(deh) ()¢ Th e —1d—1j—1 (by 2.21(v),(vii))
~  éjde(hé th™ e d 7t (by 2.21(vii))
~ (che™*h™ 1) (jdee td™ 1 771 (by 2.22(ii))
~ che 't (by 2.21(v))
~ zyzr ly! (by 2.21(i))

Hence the surface is homeomorphic to the torus.

(b) The connectivity condition is satisfied since a path through all the vertices
is given as follows.

'Ul /UA UJ U4

Each link is a triangle and so the link condition is satisfied. Hence K is a
simplicial surface.
We can now represent | K| as a polygon with edges identified in pairs as follows.
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Reducing a symbol to standard form gives aa~'bb~'cc™! ~ aa™! and so the
surface is homeomorphic to the sphere.

(c) The connectivity condition is satisfied since a path through all the vertices
is as follows.

U4 Us U1 U2 U3 V6

We can check the link condition for each of the vertices and find that each is a
pentagon. Hence K is a simplicial surface.



We can now represent |K | as a polygon with edges identified in pairs as follows.
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Reducing a symbol to standard form gives abedd 'abcef f~te™! ~ abcabc ~
aac”'b~1bc ~ aa and so the surface is homeomorphic to the projective plane.

(d) The connectivity condition is satisfied since a path through all the vertices
is as follows.
Us Vg V1 U2 Uy U3 vy

We can check the condition for each of the vertices and find that each is a
hexagon. Hence K is a simplicial surface.
We can now represent | K| as a polygon with edges identified in pairs as follows.

Reducing a symbol to standard form gives

abedef(gg~ )hd et e T~ a(bedefhd e a T e AT
(aa™Y)b(edefhd e )b f e pY

~ (b He(defhd e et hTE
(cc™NYdefh(d™)(f e )

~ d(efh)(fte H)d tht

~ df ‘e tef(hd 'h™h)

~ (dhd7*h Y f e tef

~ xyx—ly—l

and so the surface is homeomorphic to the torus.

4. We can produce a single polygon with edges to be identified in pairs by
using three edge identifications to join up the polygons as follows.



Now reducing the symbol for the polygon identifications to standard form gives
the following.

abed(a V) (0" ghe ™ )d g7 et ~ a(bed) (b ghe )atd g AT
~ab~ ghc ™ be(da™rd g At
~ (ada=td )b L gh(c be)g A
~ (ada='d 1) (b~ e be) (ghg ™ hTY)
~ (wnay yp ) (@2y2ey gy ) (wsyses s ).

Hence the surface is orientable of genus 3.

5. The disc with three smaller discs removed may be cut as shown to form a
polygon with edges to be identified in pairs.

Now reducing the symbol for the polygon identifications to standard form gives
the following.
abedebfe ge ' fa tgd ~ a(db)e td e fege fagd
(bb)a(e Lemhy cdgc_lfa_lgd
~  (bb)(e e af " e(dd)g _1af
(bb)(e~"e")(dd)(aa)ge ™" fF
(b) (e *1)(dd)( a)

~  T1T1X2X2X3X3T4X4

~

Hence the surface is non-orientable of genus 4.



