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4 Hausdorff Spaces

4.1 Definition. Suppose that (a,) is a sequence of points in a topological
space X and a € X. Then a, — a (as n — co) when, for each open set U
containing a, there exists an integer N such that

n>=N=a, €U

In this case we say that the sequence (a,) converges to a or a is a limit of
the sequence (ay,).

4.2 Example. (a) For X = R" with the usual topology this is equivalent
to the usual definition.

(b) For X a discrete space, a, — a means that there is an integer N such
that n > N = a,, = a since {a} is an open set and a,, € {a} = a,, = a.

(¢c) For X an indiscrete space, every sequence converges to every point
since the only open set containing a € X is X.

(d) For X with the Sierpinski topology {0, {a}, X}, a,, — a if and only if
eventually a, = a (as in (b)), but a,, — b for all sequences (as in (c)).

4.3 Definition. The topological space X is Hausdorff (or T3) if, for each
distinct pair of points x, y € X, there exist open sets U and V in X such
that r e U,y e Vand UNV = .

4.4 Proposition. In a Hausdorfl space a sequence can have at most one
limit. So in this case we can refer to the limit of a convergent sequence and
denote it by lim ay,.

n—oo

Proof. Exercise (a proof by contradiction). O
4.5 Proposition. A subset X C R"™ with the usual topology is Hausdorff.
Proof. Exercise. O

4.6 Proposition. Points are closed in a Hausdorff space, i.e. given a € X,
a Hausdorff space, the singleton subset {a} is a closed subset.

Proof. Exercise. O



4.7 Remark. Hausdorff’s original definition of a topological space (1914)
was equivalent to our definition of a Hausdorff or T5 space. A topological
space in which singleton subsets are closed is called a Fréchet space or a T}
space.

4.8 Proposition. (a) A subspace of a Hausdorff space is Hausdorff.
(b) The disjoint union of two Hausdorff spaces is Hausdorff.
(c) The product of two Hausdorff spaces is Hausdorft.

Proof. (a) and (b) Exercises.

(c) Suppose that X7 and X5 are Hausdorff spaces and that (z1,x2), (2], 25) €
X1 x X9 with (21, 22) # (2], 2%. Then z1 # x| or xg # ).

If 21 # xf, since X; is Hausdorff there are open subsets U, V C X; such
that 71 € U, 20 € Vand U NV = (. Then U x X5 and V x X, are disjoint
open subsets of X7 x Xy as required.

. . . . /
There is a similar argument if zo # 5.

So in either case (z1,x2) and (2], 2%) lie in disjoint open subsets of X7 x X»
as required to prove that X7 x Xy is Hausdorff. ]

4.9 Remark. A quotient space of a Hausdorff space is not necessarily
Hausdorff. For example, define an equivalence relation on the closed interval
[—1,1] with the usual topology (a Hausdorff space by Proposition 4.5) by
t ~ +t for |t| < 1. Then the quotient space [—1, 1]/~ is not Hausdorff.

Proof. Consider the points g(—1) = [-1] = {—1} and ¢(1) = [1] = {1} €
[—1,1]/~, writing ¢: [-1,1] — [—1, 1]/~ for the quotient map as usual.

Suppose for contradiction that there are disjoint open subsets U and V C
[—1,1]/~ such that [-1] € U and [1] € V.

Since [-1] € U, ¢ }(U) C [~1,1] is an open set containing —1 and so, by
the definition of an open set in the usual topology, since —1 € ¢~*(U), there
exists €1 > 0 such that Bgl’l] =[-1,—1+¢;1) C ¢ '(U). This means that

(1 —&1,1) C U since each point is equivalent to a point of [—1, —1 + 7).

Similarly, since [1] € V, there exists g2 > 0 such that (1 —e2,1] C ¢~ 1(V).
But then, for ¢ = min(ej,e2), 1 —¢/2 € (1 —¢,1) = (1 —e1,1)N (1 —
€2,, 1]subsetg 1 (U)N g Y(V) = ¢ L (U NV) so that [l —e/2] € UNV which
are therefore not disjoint. So there do not exist disjoint open subsets of
[—1,1]/~ containing [—1] and [1]. O



4.10 Remark. X = [—1,1]/~ is covered by two open subsets, which
are both homeomorphic to the unit interval [0, 1]. Indeed, consider U~ =
X\ {[1]}. Then ¢~'(U~) = [~1,1) which is open in [~1,1]. On the other
hand,

0: [0,1] = U5 t— [—t]

gives a homeomorphism with inverse induced by
f:]=1,1) = [0,1]; t — |t].

Indeed, one has f(t) = f(s) if and only if ¢ ~ s. Here, continuity follows
by the continuity of t — —t, ¢, t — |t| and by the universal property of the
quotient topology [Ezercise]. Similarly Ut = X \ {[—1]} is an open subset
homeomorphic to [0, 1].
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