Spring Semester 2020-2021
MATH31052 Topology

Solutions 7

1. (a) We define a homotopy H: I? — X by

H(s,t) = O'<(1+t)/2> for 0 <s<(1+1)/2,

x1 for (1+1¢)/2<s< 1

This is well-defined and is continuous by the Gluing Lemma. It gives the
required homotopy H: o x e, ~ 0.

(b) Suppose that H: og ~ 1. Define H: I? — X by H(s,t) = H(1 — s,t).
Then H: G ~ 7.

2. Given two paths oy and o1 from xg to x1 in X we may define a homotopy
H: o9~ o1 by H(s,t) = (1 —t)oo(s) + toi(s) € X (since X is convex). In
particular, given a loop ¢ based at g then o ~ e, and so m (X, zg) =
{lexo]} = I, the trivial group.

3. ‘«<’: Suppose that X is simply connected. Then, given paths og and
o1 from xg to x1, 09 * 71 is a loop based at xg. Hence og * 71 ~ €4,
or, equivalently, [o¢][d1] = [eg,]. Hence, [o0][a1][o1] = [ez][o1]. But
[oo][e1][o1] = loo][ex,] = [o0] and [ex][o1] = [o1] and so [o0] = [o1], ie.
og~O01.

‘=": Suppose that that all paths from zy to 1 are equivalent. Let 7 be a
path from xy to 1. Then given a loop ¢ at xg, o % 7 is a path from z( to
x1 and so o *x T ~ T or, equivalently, [¢]|[r] = [r]. Hence, [o][7][T] = [7][T].
But [o][7][7] = [o]lex,] = [o] and [7][T] ~ [ez,] so that [o] = [e9]. Hence
(X, z0) = {[ex,]}, the trivial group, and so X is simply connected.

4. ‘<’: Suppose that 71 (X) is abelian. Suppose that pp and p; are paths
from xo to 1 and o is a loop at xg. Then w,,([0]) = u,, ([0]) < [pollo][po] =
[p1llollpa] < [o]lpollpa] = lpol[pillo] (using [3;] = [ps]~'). But this final
equality is true since [po][p;] and [o] € 71 (X, zo) which is abelian. Hence
Up, ([0]) = up, ([o]) for all [o] € T(X, xp) and so upy, = up,.

‘=": Suppose that all paths from xy to x; induce the same isomorphism
and that o and 7 are loops based at xg. [It may not be very clear how to



proceed but to use the data we have to find two paths from xqg to x1. One
exists since X 1is path-connected and so this suggests using one of the loops
to obtain a second path and then applying the resulting isomorphisms to the
other loop. This works.] Let p be a path in X from xg to 1. Then 7% p
is a second path from zg to x1 so that ur.,([o]) = u,([o]). This gives us
(e [ol([le]) = (o] [o]lp] which gives [o] (7] [o][r]lp] = (o] [o]lo]
which gives [o][7] = [7][o] proving that 71(X) is abelian.

5. (a) This is true. Given [y| € mo(Y") then y = f(x) for some z € X and
ly] = fi([2]).

(b) This is false. For example the inclusion map i: {0,1} — [0,1] is an
injection but the first space has two path-components whereas the second
has only one.

(c) This is false. For example the function f: [0,1) U {2} — [0, 1] given by
f(z) = x for x € [0,1) and f(2) = 1 is a continuous bijection but the first
space has two path components whereas the second has only one.
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