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Solutions 8

1. Let σ : I → S1 be the loop given by σ(s) = exp(2πis). Then this has the
lift σ̃ : I → R with σ̃(0) given by σ̃(s) = s and so φ([σ]) = deg(σ) = σ̃(1) = 1.

The loop f ◦σ is given by f ◦σ(s) = exp(2πiks with lift f̃ ◦ σ(s) = ks so that

φ
(
f∗([σ])

)
= deg(f ◦ σ) = k. Thus the homomorphism Z φ−1

−→ π(S1, 1)
f∗−→

π(S1, 1)
φ−→ Z maps 1 7→ k and so is given by n 7→ nk.

2. Suppose that x, x′ ∈ Rn. Then, for a ∈ A, d(x, A) 6 |x − a| 6
|x − x′| + |x′ − a| (by the triangle inequality) and so d(x, A) − |x − x′| 6
|x′ − a| for all a ∈ A so that d(x, A) − |x − x′| 6 d(x′, A) or, equivalently,
d(x, A)− d(x′, A) 6 |x− x′|. Similarly (interchanging x and x′) d(x′, A)−
d(x, A) 6 |x − x′| and so |d(x, A) − d(x′, A)| 6 |x − x′|. Now, given ε > 0,
if we put δ = ε, |x− x′| 6 δ ⇒ |d(x, A)− d(x′, A)| 6 ε and so x 7→ d(x, A)
is continuous.

3. (a) This is false. For example f = p : R→ S1 given by p(x) = exp(2πix)
is a continuous surjection but π1(R) ∼= {e}, the trivial group (by Problems 7,
Question 2) whereas π(S1) ∼= Z and so the homomorphism f∗ cannot be an
epimorphism (surjection).

(b) This is false. For example the inclusion map i : S1 → D2 is an injection
but π1(S

1) ∼= S1 and π1(D
2) ∼= {e} and so the homomorphism f∗ cannot be

a monomorphism (injection).

(c) This is false. For example the restriction of the map p in (a) gives
a continuous bijection f : [0, 1) → S1 providing a counterexample for the
same reason as (a).

4. Suppose that r : X → A is a retraction. Then r ◦ i = idA : A → A
and so, by the functorial properties of the fundamental group, for a0 ∈ A,
r∗ ◦ i∗ = (r ◦ i)∗ = (idA)∗ = idπ1(A,a0) : π1(A, a0) → π1(X, a0) → π1(A, a0),
i.e. r∗ ◦ i∗(α) = α for all α ∈ π1(A, a0).
(a) To see that i∗ is a monomorphism, suppose that α ∈ π1(A, a0) is such
that i∗(α) = e ∈ π1(X, a0). Then α = r∗ ◦ i∗(α) = r∗(e) = e ∈ π1(A, a0) and
so ker(i∗) = {e}, the trivial group which implies that the homomorphism i∗
is a monomorphism.
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(b) To see that r∗ is an epimorphism, suppose that α ∈ π(A, a0). Then
r∗
(
i∗(α) = r∗ ◦ i∗α) = α and so r∗ is a surjective homomorphism, i.e. an

epimorphism.

5. The function is a homomorphism by Theorem 6.22. To see that it is an
isomorphism we write down the inverse. Given a loop σ1 in X based at x0
and a loop σ2 in Y based at y0 then we may define a loop σ in X×Y based at
(x0, y0) by σ(s) =

(
σ1(s), σ2(s)

)
. Then ([σ1], [σ2]) 7→ [σ] is well-defined and

provides the necessary inverse. Hence the given function is an isomorphism
of groups.

6. From the result of Question 4, π1(S
1× S1) ∼= π1(S

1)× π1(S1) ∼= Z×Z.
Similarly, π1(S

1 × I) ∼= π1(S
1)× π1(I) ∼= Z× {e} ∼= Z.

7. If x ∈ D2 \S1, there exists a retraction r : D2 \ {x} → S1 by projecting
away from x (i.e. define r(x′) = x + t(x′ − x) ∈ S1 for some unique t > 0:
t is the non-negative root of a quadratic equation whose coefficients depend
on the coordinates of x and x′ and so is a continuous function of x′ since
the roots of a quadratic depend continuously on the coefficients). Then
r◦i = idS1 : S1 → S1 and so, by the functorial properties of the fundamental

group, π1(S
1, 1)

i∗−→ π1(D
2\{x}, 1)

r∗−→ π(S1, 1) is the identity since r∗◦i∗ =
(r ◦ i)∗ = (idS1)∗ = idπ1(S1,1). But π1(S

1, 1) ∼= Z and so π1(D
2 \ {x}, 1) is a

non-trivial group and so D2 \ {x} is not simply connected.
On the other hand, if x ∈ S1, then D2 \ {x} is a convex subset of R2 and so
is simply connected. Hence the set of points x ∈ D2 such that D2 \ {x} is
simply connected is S1.
Suppose now that f : D2 → D2 is a homeomorphism and x ∈ S1. Then
the restriction f : D2 \ {x} → D2 \ {f(x)} is a homeomorphism (since the
restriction of f−1 gives the inverse) and so D2\{x} simply connected implies
that D2\{f(x)} is simply connected so that f(x) ∈ S1. Similarly f−1(S1) ⊂
S1 and so f(S1) = S1. [Notice how this generalizes the cut-point arguments
in the first section of the course.]
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